
FROM CLASSIC HODGE THEORY TO P-ADIC

Przemysªaw Chojecki

This is a quick overview of recent results of Fargues and Fontaine from [FF1] (see also [FF2] for
the survey). We try also to explain a motivation behind it. These notes are still a preliminary draft.
Any comments and suggestions are welcome.

1. Classic Hodge theory

Let X be a complex manifold of dimension n. We have the following holomorphic de Rham complex

0→ OX → Ω1
X → ...→ ΩnX → 0

and by (holomorphic) Poincare's lemma this complex is a resolution of the constant sheaf C on X.
Thus

Hn
dR := Hn(X,Ω•X) ' Hn(X,C)

where Hn(X,Ω•X) is the hypercohomology of the complex Ω•X on X and Hn(X,C) denotes singular
cohomology. This amounts to an existence of the spectral sequence

Ep,q2 = Hp(X,ΩqX)⇒ Hp+q(X,C)

Let us pose Hp,q(X) = Hp(X,ΩqX). This is also a set of closed (p, q) forms. By a Kahler manifold we
mean a complex manifold which admits a Hermitian form h which can be described in local parameters
as h =

∑
hi,jdzi ⊗ dz̄j and whose associated real form ω = i

2

∑
hi,jdzi ∧ dz̄j is closed. Hodge theory

gives us:

Proposition 1.1. � Let X be a compact Kahler manifold, then the above spectral sequence degen-
erates, that is, we have a decomposition

Hm(X,C) =
⊕

p+q=m

Hp,q(X)

We show one application of this result. We will cite facts from [BHPV].

De�nition 1.2. � A K3 surface is compact complex surfaceX with trivial canonical divisorKX = 0
and for which b1(X) = dimH1(X,C) = 0.

An example of a K3 surface is quartic hypersurface on P3 given by x4
0 +x4

1 +x4
2 +x4

3 = 0. We know
that K3 surfaces are Kahler manifolds hence we can write a decomposition

H2(X,C) = H2,0(X)⊕H1,1(X)⊕H0,2(X)

We introduce a lattice L = (−E8)2 ⊕H3, where H = ( 0 1
1 0 ) and E8 is the intersection matrix of E8

Dynkin diagram. Then L is free Z-module of rank 22 and it admits a bilinear form (·, ·)L. One can
prove the following theorem:

Theorem 1.3. � We have H1(X,Z) = H3(X,Z) = 0 and H2(X,Z) is a torsion free module of rank
22 which is isometric to L, where the bilinear form on H2(X,Z) is the one induced by the cup-product
H2(X,Z) × H2(X,Z) → Z. Moreover, in the Hodge decomposition above, we have dimH2,0(X) =
dimH0,2(X) = 1 and dimH1,1(X) = 20.
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De�nition 1.4. � A marked K3 surface is a K3 surface X together with an isometry

φ : H2(X,Z)→ L

We introduce the following period domain

Ω = {[w] ∈ P(L⊗ C)|(w,w)L = 0, (w, w̄)L > 0}
where P(L ⊗ C) denotes the set of lines in complexi�cation of L. Let us denote by ωX the real
form coming from Kahler metric on X. It lies in H1,1(X). One can prove that for an isometry
φ : H2(X,Z)→ L, φ(ωX) ∈ Ω. The weak Torelli theorem tells

Theorem 1.5. � For every x ∈ Ω there exists a marked K3 surface (X,φ) such that x = φ(ωX).
Moreover two K3 surfaces X,X ′ are isomorphic if and only if there exists an isometry φ : H2(X,Z)→
H2(X ′,Z) which preserves Hodge decomposition.

This tells us that the period domain Ω is a coarse moduli space of marked K3 surfaces.

2. BdR-conjecture

From now on, we will work in the algebraic setting. For a scheme X, its de Rham cohomology
Hn
dR(X) is de�ned in the same way, by using hypercohomology of (algebraic) di�erential forms, i.e.

Hn
dR(X) = Hn(X,Ω•X)

Let X be a proper, smooth scheme over C. In the same vein as in the section 1, we have

Hn
dR(X) ' Hn(X(C),Q)⊗Q C

This isomorphism is obtained by integrating di�erential forms from HdR over cycles in the singular
homology. The result of an integration is called a period and the result above tells us that C is a
period ring (this terminology will be clearer later on).

Let us denote by Qp the p-adic numbers, Q̄p its algebraic closure, and let X be a proper, smooth
scheme over Qp. Then the Bdr-conjecture of Fontaine (which is now a theorem) states:

BdR ⊗Qp
Hn
dR(X) ' Hn

et(X ×Qp
Q̄p,Qp)⊗Qp

BdR

and this is an isomorphism of �ltered spaces with GQp
:= Gal(Q̄p/Qp)-action. Here, BdR is one of

the period rings of Fontaine (p-adic periods) and Hn
et denotes the etale cohomology. There are also

other period rings which include Bcris and Bst related to crystalline and log-crystalline cohomology.
The BdR-conjecture might also be stated as:

DdR(Hn
et(X ×Qp

Q̄p,Qp)) := (BdR ⊗Qp
Hn
et(X ×Qp

Q̄p,Qp))GQp ' Hn
dR(X)

The etale cohomology group Hn
et(X×Qp

Q̄p,Qp) is an example of p-adic Galois representation. Galois
representations are the main object of study of p-adic Hodge theory.

3. p-adic Galois representations

3.1. De�nitions. � Let GQp
= Gal(Q̄p/Qp) = lim←−K/Q �nite

Gal(K/Qp). We put a discrete topol-

ogy on Gal(K/Qp) for each �nite extension K/Qp. Then, we put the topology of an inverse limit
on GQp

, that is, the weakest topology for which GQp
→ Gal(K/Qp) are continuous for each �nite

extension K/Qp. This is so-called Krull topology.

De�nition 3.1. � A p-adic Galois representation is a continuous representation ρ : GQp → GL(V )
where V is a �nite dimensional Qp-vector space, and where GL(V ) is considered with the p-adic
topology and GQp

with the Krull topology.

We now give a de�nition of the Fontaine's ring BdR. Let Cp = ̂̄Qp be the completion with respect

to a p-adic norm of the algebraic closure Q̄p of Qp. Let OCp
= {x ∈ Cp||x|p ≤ 1} be its ring of

integers. We de�ne:

R = lim←−
x 7→xp

OCp/(p) = {(xn)n≥0 ∈ (OCp/(p))
N|(xpn+1 = xn}
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This is a perfect Fp-algebra. Moreover its fraction �eld Frac(R) is algebraically closed. We have a
map

θ0 : R→ OCp
/(p)

de�ned as a projection (xn)n 7→ x0. We would like to "lift" it to

θ : W (R)→ OCp

where W (R) is the ring of Witt vectors of R, which is de�ned W (R) = {
∑
k≥0 rkp

n|rk ∈ R} = RN as

a set. We can de�ne θ via θ(
∑
k rkp

n) =
∑
r
(0)
k pn. Let us also denote by the same letter the extension

of θ to

θ : W (R)
[

1
p

]
→ OCp

[
1
p

]
= Cp

Then we de�ne

B+
dR = lim←−

j

W (R)
[

1
p

]
/(kerθ)j

and we put
BdR = Frac(B+

dR)
Observe that there is a Galois action of GQp

on BdR which comes from a Galois action on R. There

is also a �ltration on BdR by the Z-powers of the maximal ideal of B+
dR. One can prove

Lemma 3.2. �
B
GQp

dR = Qp

Hence we can consider a functor

V 7→ DdR(V ) = (BdR ⊗Qp
V )GQp

which already appeared when we have talked about BdR-conjecture.

De�nition 3.3. � We say that a p-adic Galois representation V is de Rham if dimQp
DdR(V ) =

dimQp
V . Analogously V is (log)-crystalline if the similar equality of dimensions hold for Dcris(V ),

Dst(V ), where those functors are de�ned in the same way replacing BdR by Bcris or Bst.

3.2. Equivalence of categories. � We will now explain an equivalence of category of p-adic Galois
representations with the category of (φ,Γ)-modules. Let A+ = W (R) and A = W (FracR). There is
an action of GQp and an operator φ on A+ given by

φ

( ∞∑
k=0

[xk]pk
)

=
∞∑
k=0

[xpk]pk

hence there is also an action of these two things on other rings we consider.
Choose ε = (1, ε(1), ε(2), ...) ∈ R such that ε(1) 6= 1, i.e. this is a compatible system of primitive

roots of 1. It plays the role of e2πi. Now, let π = [ε]− 1 ∈W (R) = A+, where [ε] is a Teichmuller lift
of ε, that is [ε] = (ε, 0, 0, ...) in W (R). Then de�ne

A+
Qp

= Zp[[π]] ↪→ A+

and

AQp
=

̂
Zp[[π]][

1
π

] ↪→ A

where we have denoted by hat the completion with respect to p-adic topology, thus

AQp = {
∑
k∈Z

akπ
−k|ak ∈ Zp, vp(ak)→∞ when k → −∞}

Put BQp = Frac(AQp) = AQp [ 1p ]. De�ne also a cyclotomic extension K∞ =
⋃
n∈N Kn where Kn =

Qp(ε(n)) and H = Gal(Q̄p/K∞), Γ = GQp
/H = Gal(K∞/Qp).

De�nition 3.4. � A (φ,Γ)-module over BQp is a �nite dimensional BQp -vectore space with semi-
linear continuous and commuting actions of φ and Γ.

A (φ,Γ)-module is etale (or of slope 0) if there exists a basis {e1, ..., ed} of it over BQp
such that

the matrix of φ(e1), ..., φ(ed) in the basis e1, ..., ed is inside GLd(AQp
).
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Theorem 3.5 (Fontaine). � The functor

V 7→ D(V ) = (BQp
⊗Qp

V )H

induces an equivalence of (tensor)-categories from the category of p-adic Galois representations to the
category of etale (φ,Γ)-modules over BQp

.

This theorem permits to study Galois representations by using some linear-algebraic objects. Later
on, we will identify semistable sheaves of slope 0 on the Fargues-Fontaine curve with (φ,Γ)-modules
of slope 0, hence with the p-adic Galois representations.

4. The Fargues-Fontaine curve

We introduce norms on A+ = W (R) for any r > 0 by ||
∑
n�−∞[xn]pn||r = sup{|xn|p−rn}. Let

A+
r = {x ∈ A+|||x||r ≤ 1} and B+

r = A+
r

[
1
p

]
and B+ =

⋂
r>0 B+

r . Observe that on B+ there is still

de�ned an operator φ. We introduce graded algebras

Ph =
⊕
d≥0

(B+)φ
h=pd

for any h ≥ 1. We also introduce curves

Xh = ProjPh

This is the main object of study. For h = 1, we will simply write P = P1 and X = X1 for the
Fargues-Fontaine curve.

Theorem 4.1 (Fargues-Fontaine). � (Xh)h≥1 is a generalized Riemann sphere.

De�nition 4.2. � A generalized Riemann sphere (Xh)h≥1 consists of a complete curve X1 = X

and the tower of etale Galois coverings (Xh)h≥2 of X with the Galois group Ẑ = lim←−n Z/nZ i.e. we

have projections πh : Xh → X and πh′,h : Xh′ → Xh such that the Galois groups of Xh over X is
Z/hZ and the Galois group of Xh′ over Xh is hZ/h′Z. Moreover, we demand the following properties
to hold:

1) For each h ≥ 1 there exists a point ∞h ∈ Xh (of degree 1) such that Xh\{∞h} = Spec(B) is
a�ne and Pic(Xh\{∞h}) = 0, i.e. B is principal.

2) For each h ≥ 1, H1(Xh,Oh) = 0
3) For each h ≥ 1 and each x ∈ Xh, π

−1
h = {x1, ..., xh} where xi are pairwise distinct.

4) For h′|h, (πh′,h)∗OXh′ ' O
h′Z/hZ
Xh

.

Let us de�ne for d ∈ Z and h ∈ Z≥1

OX(d, h) = πh∗(OXh
(d))

where OXh
(d) = P̃h[d]. For λ ∈ Q we put OX(λ) = OX(d, h), where d, h are chosen so that (d, h) = 1

and h > 0. One proves that vector bundles OX(λ) are semistable of slope λ. Moreover we have

Theorem 4.3. � There is a bijection:

{isomorphism classes of vector bundles on X} ←→ {(λi)1≤i≤r ∈ Qn|n ∈ N, λ1 ≥ ...λn}

given via (λ1, ..., λn) 7→
⊕n

i=1OX(λi).

From this we get that the category of vector bundles on X is equivalent to the category of φ-
modules on B+, where by a φ-module we mean a �nitely generated B+-module M together with an
isomorphism φM : M 'M which is φ-linear. This starts to resemble the equivalence of (φ,Γ)-modules
with Galois representations. We also get a bijection:

{ semistable vector bundles of slope 0 on X} ←→ {�nite dimensional Qp-vector spaces}

via F 7→ H0(X,F). Recall that there is an action of GQp on B+, hence on P , hence on the curve X.
We introduce a category of GQp

-equivariant vector bundles on X, those are bundles with an action of
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GQp
which is compatible with an action of GQp

on X and moreover which is continuous (we do not
de�ne this notion here). Then one obtains an equivalence of categories

{semistable GQp
-equivariant sheaves of slope 0 onX} ' {p-adic Galois representations}

via F 7→ H0(X,F), where the continuous Galois action on H0(X,F), comes from the action on F .
In this setting we can also de�ne what is a de Rham (resp. crystalline, log-crystalline) vector bundle

and then get a bijection

{semistable de Rham sheaves of slope 0 onX} ' {de Rham Galois representations}
and similarly for crystalline and log-crystalline representations. This interpretation permitted Fargues
and Fontaine to reprove classic results of p-adic Hodge theory using geometrical tools.
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